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Abstract
In this paper +nite linear spaces (P;L) with b − v∈{M;M + 1}, M + 1 = maxl∈L |l|, are
studied. If b − v = M those linear spaces are completely classi+ed. If b − v = M + 1 they are
classi+ed for M + 1 di/erent from the order of the linear space.
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1. Introduction
A (+nite) linear space is a pair (P;L), where P is a (+nite) set of points and L
is a family of proper subsets of P, called lines, each with at least two points, such
that
• any two distinct points are on a single line.
In a +nite linear space (P;L), the degree of a point p is the number [p] of lines
through it and the length of a line ‘ is its cardinality. If n+1= maxp∈P [p], the integer
n is the order of (P;L). Put M+1= maxl∈L |l|, then M+16n + 1, i.e. M6n. Let
‘ be a line and denote by 	‘ the number of lines missing ‘ and by i‘ the number of
lines meeting ‘.
A near-pencil is a linear space on v points with a line of length v−1. An (h; k)-cross,
h; k¿3, is a linear space (P;L) with P= ‘∪ ‘′, |‘|= h; |‘′|= k and ‘∩ ‘′ 	= ∅.
Put b= |L| and v= |P|, then any +nite linear space satis+es b¿v and equality
holds if and only if (P;L) is a generalized projective plane, i.e. a projective plane or
a near-pencil [2].
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The numbers (v; b; [p]; |‘|) are the parameters of the linear space (P;L) and the
numbers (v; b; n+ 1; M+1) are the essential parameters of (P;L).
Many authors have studied +nite linear spaces such that b−v is known. In particular
in [1,10,9], linear spaces with b − v=1; 2 and 3 have been classi+ed. A linear space
with b− v=1 is a linear space of Bridges.
Later on, by using the essential parameters, the following results have been obtained.
• In [8] restricted linear spaces have been classi+ed, i.e. linear spaces such that
b− v6√v;
• in [5] linear spaces of order n such that b− v6n− 1 have been classi+ed;
• in [6] linear spaces of order n with b− v= n have been studied.
What about linear spaces with b−v bounded from the fourth essential parameter M?
If b−v6M , then from M6n it follows b−v6n. Those linear spaces are completely
classi+ed with the only exception for linear spaces with b − v=M = n. So, in order
to study linear spaces with b − v bounded from M , the +rst cases to examine are
b− v∈{M;M+1}. In this paper we study those cases.
Throughout the paper n denotes a +nite projective plane of order n and n denotes
a +nite aFne plane of order n.
Let (P;L) be a +nite linear space with a family F= {s1; s2; : : : ; sh} of h lines
pairwise disjoint. An extension of type h of (P;L) is a linear space obtained from
(P;L) by adding a new (or at in+nity) point x to all lines in F and connecting x to
all points in P− ∪ si with lines of length 2.
A subspace of a linear space (P;L) is a linear space (P1;L1) with P1⊆P and
L1⊆L. Suppose (P;L) has a subspace (P1;L1): We may de+ne in P1 a new set
L2 of lines such that (P1;L2) is again a linear space. Put L′=(L−L1)∪L2, then
the linear space (P;L′) is a de9ation of (P;L) if |L2|¡|L1| and is an in9ation of
(P;L) if |L2|¿|L1|. If all points of P1 are collinear (i.e. |L2|=1 ) the deGation of
(P;L) is maximum.
Let (P0;L0) be a linear space embedded in a projective plane n and let (P;L)
be the linear space obtained from (P0;L0) by inGating s lines L1; : : : ; Ls of (P0;L0),
through a common point q, in s subspaces (Pi ;Li). The linear space (P;L) is an
s-fold in9ated linear space and (Pi ;Li) are its main subspaces. If Ls+1; : : : ; L[q] are the
other lines of (P;L) through q, then let |Li|= n+1−di, i= s+1; : : : ; [q], the integer
d=ds+1 + · · ·+ d[q] is the de:ciency of (P;L).
If |L0|= n2 +n+1, in [5] the linear space (P;L) has been called an s-fold in9ated
projective plane of order n. Moreover, the following theorem is proved.
Theorem 1.1 (Metsch [5]). Suppose that (P;L) is a linear space with b6v+[q]−2
for some point q. Then one of the following cases occurs:
• (P;L) can be obtained from a projective plane of order n= [q]−1, n, by removing
b− v(6n− 1) points and q is any point of n;
• (P;L) is a near-pencil and q is any point;
• (P;L) is an extension of type 1 of a generalized projective plane and q is the
special point;
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• (P;L) is an a<ne plane of order n with a point p 	= q at in:nity;
• (P;L) is an s-fold in9ated projective plane of order n, with 16s¡n. If (Pi ;Li),
i=1; : : : ; s, are its main subspaces, then q is a point on every Pi. Furthermore, if
bj = |Lj|, vj = |Pj|, rj is the degree of q in (Pj;Lj) and if d is the de:ciency of
(P;L), then bj6vj+rj−2 for all j and 2+d+(s−1)(n+1)+
∑s
j=1 (bj−vj−rj)60.
1.1. Examples of linear spaces with b− v∈{M;M+1}
Examples of linear spaces with b− v∈{M;M+1} are the following.
(b) Linear spaces with b− v=M .
(b.1) an aFne plane M with a generalized projective plane imposed on some of
its points at in+nity;
(b.2) the linear space obtained from M by deleting M , non-collinear, points;
(b.3) a punctured aFne plane of order M with a point at in+nity;
(b.4) the linear space extension of type 1 of the Fano plane PG(2; 2);
(b.5) the linear space obtained from PG(2; 3) by deleting two lines l and l′ minus
two points q∈ l− l∩ l′ and q′ ∈ l′ − l∩ l′;
(b.6) the linear space obtained from PG(2; 3) by deleting all points but 4 collinear
points and three other points forming a triangle.
(c) Linear spaces with b− v=M+1.
(c.1) an aFne plane of order M+1, M+1;
(c.2) the linear space obtained from M minus a point by adding a triangle at
in+nity;
(c.3) the linear space obtained from the aFne plane of order 3 by deleting a line
l minus a point q∈ l and by adding three points at in+nity on a triangle;
(c.4) the linear space on two disjoint lines, one of length M+1 and the other one
of length 2;
(c.5) an aFne plane of order M with a linear space of Bridges imposed on some
of its points at in+nity;
(c.6) a punctured aFne plane of order M with a generalized projective plane
imposed on at least four of its points at in+nity;
(c.7) the linear space obtained from M by deleting M+1 points, no more than
M − 1 collinear;
(c.8) the linear space obtained from M , M¿3, by deleting a line, minus a point,
and two other points;
(c.9) a (4; 4)-cross;
(c.10) the linear space obtained from PG(2; 4) by deleting two lines l and l′ minus
two points q∈ l− l∩ l′ and q′ ∈ l′ − l∩ l′;
(c.11) the linear space obtained from PG(2; 4) by deleting all points but 5 collinear
points and 3 other points forming a triangle;
(c.12) the Nwankpa plane, i.e. the linear space obtained from the complete graph
K6 by adding to each of the 5 parallel classes with three lines of length 2
a new point and putting the 5 new points so obtained on a line.
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1.2. The result
In this paper if b− v=M , then we will prove the following.
Theorem 1.2. Let (P;L) be a linear space with b − v=M . Then it is one of the
linear spaces described in (b).
If b− v=M+1, then we will prove the following theorems.
Theorem 1.3. If (P;L) is a linear space of order n with b− v=M+1 	= n, then it is
one of the linear spaces described in (c:5)–(c:12).
Theorem 1.4. If (P;L) is a linear space of order n with b− v=M+1= n, then one
of the following occurs:
• (P;L) is one of the linear spaces described in (c:1)–(c:4);
• there exist at least two lines of length M+1= n and b¿n2 − n + 3. Moreover if
b= n2 − n+ 3 then n610.
If (P;L) is a +nite linear spaces such that b− v6M − 1, then from M+16n+ 1
it follows b− v6n− 1 and hence (P;L) satis+es the hypothesis of Theorem 1.1 and
therefore it is one of the following.
• a projective plane of order M with at most M − 1 points deleted;
• a near-pencil;
• a (3; M+1)-cross;
• an aFne plane of order M with a point at in+nity.
Therefore, in order to classify linear spaces with b − v6M+1 it remains to study
those with b− v∈{M;M+1}.
2. Linear spaces with b− v =M
Let (P;L) be a linear space of order n such that b − v=M . We distinguish two
cases.
Case 1: b − v=M6n − 1. If b − v=M6n − 1, then (P;L) is one of the linear
spaces described in Theorem 1.1. Moreover, since b − v=M , then (P;L) is one of
the following linear spaces:
(i) an extension of type 1 of the Fano plane;
(ii) an s-fold inGated projective plane;
Moreover we will prove the following
Proposition 2.1. If (P;L) is an s-fold in9ated projective plane and b− v=M , then
s=1 and (P;L) is an a<ne plane of order M with a generalized projective plane
imposed on some of its points at in:nity.
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Proof. Since (P;L) is an s-fold inGated projective plane, then it is obtained from a
linear space (P0;L0) embedded in a projective plane of order n0, with |L0|= n20 +
n0 + 1, by inGating s lines (16s¡n0) on a point q in s subspaces (Pi ;Li).
If M0 + 1 is the maximum line size in (P0;L0) then M0 + 16n0 + 1 and hence
M+16M0 + 16n0 + 1. Moreover, if vi = |Pi|; bi = |Li|, then
b= n20 + n0 + 1− s+
s∑
i=1
bi
and since |P|= |P0|, if d denotes the de+ciency of (P;L), then
v= n20 + n0 + 1−
s∑
i=1
(n0 + 1− vi)− d:
Hence
M = b− v=
∑
bi −
∑
vi + sn0 + d=
∑
(bi − vi) + sn0 + d;
then M¿sn0¿sM , i.e. s=1; n0 =M; d=0; b1 = v1 and the assertion follows.
Case 2: b− v=M = n. If b− v=M = n, the following holds.
Theorem 2.2 (Olanda [6]). Let (P;L) be a linear space of order n, with b − v=
M = n, then
• if all points have constant degree, then (P;L) is obtained from a projective plane
of order n by deleting any n, not all collinear, points;
• if there are points of di>erent degree and at least two lines of length n + 1, then
(P;L) is a punctured a<ne plane of order n with a point at in:nity.
Because of the previous result it remains to study linear spaces of order n with
b− v= n, points of di/erent degree and a unique line L of length n+1. In this section
we will prove the following.
Proposition 2.3. Let (P;L) be a linear space of order n with b − v= n and with a
unique line L of length n + 1. Then (P;L) is one of the linear spaces described in
(b:5) and (b:6).
Proof. Let m+1= max |l|, l 	=L, and let ‘ be a line of length m+1. Obviously m¿2,
otherwise (P;L) is a near-pencil. If P=L∪ ‘, then v= n + m + 1; b= nm + 2 and
from b− v= n it follows n(m− 2)=m− 1, that is a contradiction. So P 	=L∪ ‘.
First, we show that every point of L has degree at least n. Let y∈L be a point of
minimum degree, then
v6n+ 1 + ([y]− 1)m: (1)
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On the other hand, let ‘ be a line of length m+ 1, since there is a point x =∈L∪ ‘,
through x there are at least n− m parallel lines to ‘ so
v= b− n= i‘ + 	‘ − n¿nm+ [y]− m; (2)
hence [y]¿n − 1=(m − 1), i.e. either m=2 and [y] = n − 1 or [y]¿n. If m=2 and
[y] = n− 1 then from (1) and (2) it is v=3n− 3 and through y all lines but L have
length 3. Since through y there are at least two lines ‘1; ‘2 di/erent from L (otherwise
P is union of two lines), then v= b− n= i‘1 + 	‘1¿3n− 1 + 2(n− 2)− n=4n− 5, a
contradiction since n¿3.
So every point has degree at least n. Since the line L (of length n + 1) meets
every other line, then b= iL¿n2, therefore v¿n2 − n; on the other hand, counting v
on a point not on L it is v6(n+ 1)m+ 1 so m= n− 1, i.e. |‘|= n. Since there is at
least a point x not on L∪ ‘, and there is at least a parallel line through x to ‘, it is
v= b − n= i‘ + 1¿n2 + 1 − n. Moreover, counting v on a point of degree n, we get
v6n+ 1 + (n− 1)2 = n2 − n+ 2.
If v= n2−n+1, then b= n2 +1 hence there is a unique line ‘′ disjoint from ‘ with
|‘′|6n− 1 and v6n+1+ n− 1+ n− 2=3n− 2 therefore n63 hence n=3; v=7 and
(P;L) is the linear space described in (b.6).
If v= n2 − n+ 2, then b= n2 + 2 so there are exactly two lines disjoint from ‘ and
hence v6n+ 1 + n− 1 + 2(n− 2)=4n− 4 so n63. Hence n=3; v=8; b=11 and
(P;L) is the linear space described in (b.5).
3. Linear spaces with b− v =M+1
Let (P;L) be a linear space of order n with b−v=M+1. We consider three cases.
Case 1: b − v=M+16n − 1. If b − v=M+16n − 1, then (P;L) is one of the
linear spaces described in Theorem 1.1. Precisely since b− v=M+1, then (P;L) is
an s-fold inGated projective plane of order n and more precisely it is one of the linear
spaces described in the following.
Proposition 3.1. Let (P;L) be a linear space of order n with b− v=M+16n− 1,
then it is one of the following:
• an aFne plane of order M with a linear space of Bridges imposed on some of its
points at in+nity;
• a punctured aFne plane of order M with a generalized projective plane imposed on
at least four of its points at in+nity.
Proof. Since (P;L) is an s-fold inGated projective plane, then it is obtained from a
projective plane of order n0, hence n0¿M . Moreover,
b= n20 + n0 + 1− s+
s∑
i=1
bi
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and
v= n20 + n0 + 1−
s∑
i=0
(n0 + 1− vi)− d;
hence M+1= b − v= ∑(bi − vi) + sn0 + d so M+1¿sn0¿sM , then s62. If s=2,
then M+1=2¿2n0, i.e. n0 = 1, a contradiction. Hence s=1, M+1= b1− v1 + n0 +d
and since n0¿M , then one of the following cases occurs
• n0 =M; b1 = v1; d=1;
• n0 =M; b1 = v1 + 1; d=0;
• n0 =M+1; b1 = v1; d=0.
Last case correspond to an aFne plane of order M+1 with a generalized projective
plane at in+nity. It has lines of length M +2, hence this case is impossible. Therefore
the assertion follows.
Case 2: b − v=M+1= n. If b − v=M+1= n, then from results in [6] one of the
following cases occurs
(i) if all points have constant degree, then (P;L) is an aFne plane of order n;
(ii) if there are points of di/erent degree and at least two lines of length n, then one
of the following cases occurs
(ii.1) b= n2 − n+ 2 and n66;
(ii.2) b= n2−n+3 and (P;L) is obtained from a punctured aFne plane of order
n− 1 by adding three points at in+nity on a triangle or n610;
(ii.3) b¿n2 − n+ 4.
In order to classify such linear spaces it remains to study those satisfying one of the
following hypotheses.
(i) There are points of di/erent degree and there is a unique line of length n,
(ii) there are points of di/erent degree, at least two lines of length n and one of the
following cases occurs:
(ii.1) b= n2 − n+ 2 and n66;
(ii.2) b= n2 − n+ 3 and n610;
(ii.3) b¿n2 − n+ 4.
Concerning cases (i) and (ii.1) we will prove the following.
Proposition 3.2. If (P;L) is a linear space of order n with b − v=M+1= n and
with a single line L of length n; then (P;L) is the linear space on two disjoint lines
one of length n and the other one of length 2.
Proof. Put m + 1= max |l|, l 	=L and let ‘ be a line of length m + 1. If P=L∪ ‘,
then, since there is a point of degree n+ 1 (outside L), the line ‘ is disjoint from L,
so v= n+m+ 1, v+ n= b= n(m+ 1)+ 2 hence m(n− 1)= n− 1, i.e. m=1, and the
assertion follows.
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Assuming P 	=L∪ ‘ we will get a contradiction. First, we show that every point on
L has degree at least n− 1. Let y∈L be a point of minimum degree, then
v6n+ ([y]− 1)m: (3)
On the other hand, let ‘ be a line of length m + 1, since there is at least a point
x =∈L∪ ‘, then
v= b− n= i‘ + 	‘ − n¿(n− 1)m+ [y] + n− m− n= nm− 2m+ [y]; (4)
hence [y](m − 1)¿n(m − 1) − m therefore [y]¿n − 1 − 1=(m − 1), i.e. either m=2,
[y] = n−2 or [y]¿n−1. If m=2 and [y] = n−2, then from (3) and (4) it is v=3n−6
and all lines through y, but L, have length 3. Therefore, v= b− n= i‘ + 	‘ − n¿3n−
1 + n− 2 + n− 3− n=4n− 9, i.e. n63, a contradiction.
Hence every point of (P;L) has degree at least n−1. If there is a point y of degree
n−1, then from (3) we get v6n+(n−2)m and v= b−n= iL+	L−n¿n2−3n+2. So
m+1= n−1 and v6n2−3n+4. On the other hand v= b−n= 	‘+ i‘−n¿n2−3n+3.
Since every point not on L∪ ‘ has degree at least n, then 	‘¿(v−2n+2)=(n−3)¿n−
2 − 1=(n − 3) so v= b − n¿n2 − 2n − 1, hence n=4; v∈{7; 8}; b∈{11; 12}: In both
cases it is easy to get a contradiction.
Hence, all points have degree at least n and it is v= b−n= 	‘+ i‘−n¿n2−2n+2
while counting v on a point of degree n not on L it is v6n2−2n+1, a contradiction.
Proposition 3.3. Let (P;L) be a linear space of order n with b − v=M+1= n, at
least two lines of length n and b= n2−n+2. Then (P;L) is the linear space described
in (c:3).
Proof. From results of Stinson [7] it is n64. If n=3, then v=5 hence P is on two
meeting lines of length 3. Thus b=6. This is a contradiction, since b− v=3. If n=4,
then v=10, b=14 and (P;L) is the linear space described in (c.3).
Case 3: b−v=M+1= n+1. If all points have the same degree n+1, then b= n2+
n+1, v= n2 and from a theorem of McCarthy and Vanstone [3] (P;L) is embeddable
in a projective plane of order n. We may therefore assume that there is at least a point
of degree at most n.
First suppose there are at least two lines of length n+1. Then there is a single point
q of degree less than n+ 1 and all lines of length n+ 1 contain q.
Proposition 3.4. Let (P;L) be a linear space of order n with b− v=M+1= n+ 1.
If there are points of di>erent degree and if there are at least two lines L and L′ of
length n+ 1, then (P;L) is one of the linear spaces described in (c:8) and (c:9):
Proof. Let q be the single point of degree less than n + 1. Obviously q=L∩L′. If
P=L∪L′ then v=2n+1; b= n2 + 2 and from n+1= b− v= n2 − 2n+1 it follows
n(n−3)=0, i.e. n=3 and (P;L) is the (4; 4)-cross. We may therefore assume [q]¿3.
It is b= n2 + [q] hence v= n2 − n− 1 + [q]. On the other hand, v6[q]n+ 1 therefore
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[q](n − 1)¿n2 − n − 2 hence [q]¿n − 2=(n − 1) and since [q]¿3 it follows [q] = n,
b= n2 + n, v= n2 − 1 and, from results in [4], (P;L) is the linear space described in
(c.8).
If there is a single line L of length n+ 1 then we will prove the following.
Proposition 3.5. Let (P;L) be a linear space of order n with b− v=M+1= n+ 1
and a single line L of length n+1. Then (P;L) is one of the linear spaces described
in (c:10)–(c:12).
Proof. Put m+1= max |l|, l 	=L and let ‘ be a line of length m+1. If P=L∪ ‘ then
v= n+m+1, b= nm+2 and from b−v= n+1 it follows n(m−2)=m, a contradiction.
Hence P 	=L∪ ‘. If there is a single point x =∈L∪ ‘, then v= n+m+2; b= nm+3+n−m
and from b= v+ n+1 it follows n=2+2=(m− 1) so m=2; n=4; v=8; b=13 and
(P;L) is the linear space described in (c.11). Hence we may assume that there are
at least two points not on L∪ ‘.
Let y∈L be a point of minimum degree, then counting v on the point y, we get
v6n+ 1 + ([y]− 1)m: (5)
On the other hand,
v= b− n− 1= i‘ + 	‘ − n− 1¿nm+ [y] + n− 2m− 2; (6)
hence [y]¿n+ (n− m− 3)=(m− 1).
If m¿3, then [x]¿n − 1 for every point x. If there is a point y of degree n − 1,
then from (5) and (6), it follows n(m + 2)−2m−36v6n(m + 1) − 2m + 1 so n64,
i.e. n=4; m=3; v=11 and all lines through y, but L, have length 4. Then v= b −
n− 1= i‘ + 	‘ − n− 1¿6n− 11, that is a contradiction since n=4. Hence [x]¿n for
every point x, therefore m=3 and n2 − n− 16v64n− 2, it follows n64, i.e. n=4.
So v614 and b¿17 hence v¿12 therefore b¿18 and v¿13. It follows that through
q=L∩ ‘ there is a line ‘′ of length 4 therefore b=19; v=14. There are two points
of degree 4 on L and (P;L) is the linear space described in (c.10).
If m=2, then [x]¿n−2 for every point x. From (5) and (6) it is 4n−86v63n−1:
Moreover v= b− n− 1¿3n− 5 + n− 2=4n− 7. If there is a point of degree n− 2,
then v6n + 1 + 2(n − 3)=3n − 5 therefore n62, a contradiction. If there is a point
of degree n− 1, then v¿4n− 6; v63n− 3 so n63, a contradiction. Thus every point
has degree at least n hence 4n− 56v63n− 1 thus n64. If n=4, then v¿11. On the
other hand, counting v from a point of degree 4 it is v611 therefore v=11; b=16
hence every point of L has degree 4 and all lines but L have length 3. So the linear
space obtained from (P;L) by deleting L is the complete graph on 6 vertices and
(P;L) is the linear space described in (c.12).
If n=3, then counting v from a point of degree 3, it is v68. On the other hand,
since there are at least two points not on L∪ ‘ it is v¿8. So v=8; b=12 and all
points on L but one have degree 4. The linear space obtained from (P;L) by deleting
the line L has 4 points and 5 lines of length 2, a contradiction.
80 N. Durante /Discrete Mathematics 255 (2002) 71–80
References
[1] W.G. Bridges, Near 1-designs, J. Comb. Theory Ser. A 13 (1972) 116–126.
[2] N.G. de Bruijn, P. Erdo˝s, On a combinatorial problem, Indag. Math. 10 (1948) 421–423.
N.G. de Bruijn, P. Erdo˝s, Nederl. Akad. Wetensch. Proc. Sect. Sci. 51 (1948) 1277–1279.
[3] D. McCarthy, S.A. Vanstone, Embedding (r; 1)-designs in +nite projective planes, Discrete Math. 19
(1977) 67–76.
[4] K. Metsch, Linear Spaces With Few Lines, Lectures Notes in Mathematics, Springer, Berlin, Heidelberg,
1991.
[5] K. Metsch, Proof of the Dowling–Wilson conjecture, Bull. Soc. Math. Belg. Ser. B 45 (1993) 69–93.
[6] D. Olanda, Spazi lineari di tipo aFne, Ricerche Mat. 40 (1991) 169–179.
[7] D.R. Stinson, The non-existence of certain +nite linear spaces, Geom. Dedicata 13 (1983) 429–434.
[8] J. Totten, Classi+cation of restricted linear spaces, Canad. J. Math. 28 (1976a) 321–333.
[9] J. Totten, Finite linear spaces with three more lines than points, Simon Stevin 51 (1977) 1–2.
[10] P. de Witte, Finite linear spaces with two more lines then points, J. Reine Angew. Math. 288 (1972)
66–73.
